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We investigate the physical origin of the broadly used 1/4 fraction of exact exchange in density
functional theory (DFT)’s hybrid functionals. We compare two models of the exchange energy of an
electron pair in an unpolarized electron gas. One model treats the spin states of the electron pair as a
statistical ensemble, while the other includes their quantum superposition. The quantum mechanical
treatment is shown to possess an exchange energy equal to that of the statistical ensemble, plus
an additional 1/4 exact exchange energy due to a spin-flip exchange interaction between electron
pair states with antiparallel spin. This exchange interaction originates from the coupling between
doubly-excited configurations, and is not explicitly included in semilocal DFT. By showing that
the statistical ensemble contains 3/4 of the density-based exchange energy, we can attribute, for
each pair of occupied orbitals, the 1/4 exact exchange used in hybrid DFT to the spin-flip exchange
processes mentioned above. Practical and conceptual implications of our findings are outlined.
I. INTRODUCTION
In the framework of density functional theory (DFT),
the total energy can be expressed as a functional of the
electron density [1], and minimized to obtain the ground
state energy [2]. In practice, since the electron-electron
interactions cannot at present be expressed exactly in
terms of the density, one needs to approximate the ex-
change and correlation energies, often using a local func-
tional of the density as is done in the local density ap-
proximation (LDA) of DFT [3]. A recurring observa-
tion is that replacing roughly one quarter of the density-
based exchange energy with one quarter of the orbital-
based Hartree-Fock (HF) (so-called “exact”) exchange
improves the accuracy of several computed properties,
including the ground state energy and the equilibrium
atomic structure. This approach of mixing the density-
based and exact exchange energies is adopted in the so-
called hybrid exchange-correlation functionals, a popular
choice in modern DFT calculations.
In the simplest hybrid scheme [4–6], a single param-
eter α is employed for the exchange mixing, accord-
ing to EXC = E
DFT
XC + α (E
HF
X − EDFTX ), where EX
and EXC are, respectively, the exchange and exchange-
correlation energies, and the DFT and HF superscripts
denote density-based and HF-based quantities. While it
is common knowledge [7, 8] that an exact-exchange frac-
tion of roughly α= 1/4 gives optimal results, as Perdew
put it [7], one should think of the 1/4 fraction as an em-
pirical parameter, because a rigorous argument for it is
still missing. There have been efforts to rationalize the
origin of the 1/4 exact exchange [8], but a plausible phys-
ical explanation has not yet been proposed [7].
Let us examine more closely the exact exchange mix-
ing problem. When α=0 and only the local density-based
exchange is employed, as is done in the LDA, the results
systematically overbind matter. This is surprising, since
EXC employed in the LDA is derived from two varia-
tional calculations, HF for exchange and quantum Monte
Carlo (QMC) for correlation interactions [3, 9]. Since
EXC is dominated by exchange, LDA’s overbinding indi-
cates that the density-based exchange binds matter too
strongly. Equally surprising is the fact that using exact
exchange alone together with density-based correlation,
which corresponds to the α=1 limit, does not give accu-
rate results either. This trend suggests that correlation
effects are not fully described by local interactions. Why
then should mixing the α=0 and α=1 limits, each with
its own pitfalls, give better results at all? If that hap-
pens, as it does for a fraction of roughly α = 1/4 exact
exchange, it must be that mixing the density-based and
exact exchange corrects both exchange and correlation
effects, since neither is accurate in the LDA. However,
if mixing the density-based and exact exchange is an ad
hoc attempt to correct exchange-correlation interactions,
its physical justification remains unclear.
This work aims to advance our understanding of the
1/4 exact exchange mixing, and explain its physical ori-
gin. We focus on an electron pair in the interacting
electron gas of a material, and show that its exchange
energy equals that of an electron pair described as a sta-
tistical ensemble of four possible spin states, each with
equal probability, plus a correction equal to 1/4 of the
exact exchange energy, which stems from a spin-flip ex-
change interaction that is missing in the statistical en-
semble. The exchange energy of the statistical ensemble,
which represents a probability-based model of a pair, is
shown to be equal to 3/4 of the density-based exchange
energy. We conclude that the 3/4 density-based plus 1/4
exact exchange mimics the correct quantum mechanical
(QM) treatment of a pair in the interacting electron gas.
The 1/4 exact exchange is associated with an exchange
interaction between electron pair states with antiparallel
spin, which originates from the coupling between doubly-
excited configurations and is not included in semilocal
DFT. The factor of 4 in the 1/4 fraction reflects the
number of possible spin states of an electron pair. Some
implications of these results are discussed.
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2II. GENERAL REMARKS
A. Two views of exchange interactions
In its spirit, DFT is a classical theory of the electron
gas. As Hohenberg and Kohn put it in their seminal
work [1], in DFT “the system of electrons is pictured like
a classical liquid” with electron density n. This statement
has rather profound implications. The electron density
n(x)dv, where x = {r, σ} combines the position r and
spin σ variables, is equal to the number of particles times
the probability of finding a particle with spin σ within
the volume dv around the point r, when all other parti-
cles have arbitrary positions and spins [10]. DFT is thus
a QM theory based on a real-valued probability − the
electron density − rather than a complex-valued proba-
bility amplitude, as is the wave function.
One main problem with an electronic structure theory
based on probability is that exchange is an inherently
QM interaction, since it is related to spin. Exchange
interactions lower the electron repulsion energy by keep-
ing a pair of electrons apart, which requires a spatially
antisymmetric wave function and a symmetric (triplet)
spin state for the electron pair. In HF, a pairwise treat-
ment of exchange is adopted, in which only particles oc-
cupying spin-orbitals with parallel spin contribute to the
exchange energy. The density-based picture of DFT is
rather different − exchange is not treated as a sum of
pairwise interactions, but rather, it depends only on the
electron density at a point. This means that all particles
in the density contribute the same to exchange in semilo-
cal DFT, regardless of their spin state. Another key QM
concept, quantum superposition, is also missing in DFT’s
probability-based description of the electron gas.
The main challenge in explaining the origin of the 1/4
exact exchange lies in marrying these two widely differ-
ent approaches to treating exchange − one density-based,
which amounts to a probability-based QM (and thus,
classical) treatment, and another based on pairwise ex-
change interactions, as is HF. Our goal will be to write
the exchange energy of an electron pair as the sum of
the exchange energy in a statistical ensemble, which will
be treated in the density-based picture, plus a correction
equal to 1/4 of the HF exchange energy. We will then
show that the statistical ensemble contains 3/4 of the
density-based exchange energy, thus explaining, for each
electron pair in the electron gas, the physical origin of
the 3/4 density-based plus 1/4 exact exchange mixing.
B. Preliminaries on the exchange energy
For the N -particle interacting electron gas in a mate-
rial, the Hamiltonian, Hel =
∑N
i=1 hi +
1
2
∑N
i,j=1
e2
|ri−rj | ,
is the sum of one-body operators, hi = −∇2i /2m+ v(ri),
and two-body Coulomb interactions, Vij = e
2/|ri − rj |.
We assume that the electron gas is unpolarized, and that
its ground state [see Fig. 1(a)] consists of N/2 doubly-
occupied orthonormal orbitals, ϕi (i = 1, ... , N/2). Its
HF exchange energy is:
EHFX =
1
2
N/2∑
i,j=1
(2 J) (1)
where J is the exchange energy between the orbitals ϕi
and ϕj [11],
J = − e2
∫
dr1dr2
ϕ∗i (r1)ϕ
∗
j (r2)ϕj(r1)ϕi(r2)
|r1 − r2| , (2)
and the factor of 2 multiplying J in Eq. 1 accounts for
the sum over spin. According to Eq. 1, the total HF
exchange energy is the sum of the exchange interaction
between all orbital pairs, with each orbital pair contribut-
ing 2J to the total exchange energy.
When the same system is treated in DFT, the exchange
energy is a functional of the electron density, n(r) =
2
∑
i |ϕi(r)|2, but its expression is unknown and needs
to be approximated. In the LDA [3], EDFTX is approxi-
mated as a sum of local contributions that depend only
on the electron density at a given point; the exchange en-
ergy per particle as a function of the density is obtained
from a HF calculation of the homogeneous electron gas
(HEG) as εHEGX (n) = (3 e
2/4pi)(3pi2)1/3 n1/3 [11], and the
total LDA exchange energy is obtained with the integral
EDFTX =
∫
drn(r) εHEGX [n(r)].
Hybrid functionals mix the semilocal DFT and HF pic-
tures. In the simplest hybrid approximation [4–6], the
exchange energy EhybridX combines a fraction α of HF ex-
change energy, EHFX , with a fraction 1−α of density-based
exchange, EDFTX . For a mixing fraction of α = 1/4,
EhybridX =
3
4
EDFTX +
1
4
EHFX . (3)
We focus on two orbitals ϕi and ϕj composing the
ground state [see Fig. 1(a)], both of which are doubly
occupied. As noted above, the exchange energy contri-
bution from these two orbitals in HF (neglecting self-
interaction) is EHFX = 2J , so that one quarter of their
exchange energy contribution is 14E
HF
X =
J
2 . Since the
density-based exchange energy EDFTX [n] cannot be ap-
portioned into pairwise terms, how much just two or-
bitals contribute to the total density-based exchange en-
ergy cannot be rigorously computed. Yet, let us take for
the time being such a pairwise approach, and imagine
that ϕi and ϕj are the only two orbitals contributing to
the charge density. Then one can write their exchange
energy in hybrid DFT with 1/4 exchange mixing as
EhybridX =
3
4
EDFTX [n] +
J
2
, (4)
where n(r) = 2 ( |ϕi(r)|2 + |ϕj(r)|2 ) is the density from
the four electrons occupying the two orbitals ϕi and ϕj .
In the next section, we introduce a model that attempts
to explain the physical origin of this 1/4 hybrid mixing
scheme, and rationalize why it works in practice.
3III. RESULTS
A. Models of an electron pair
Since the Coulomb interaction is pairwise, an accurate
treatment of exchange needs a theory which, unlike DFT,
explicitly treats two-particle correlations. Therefore, we
seek to formulate a two-particle model to understand ex-
change processes and extend their DFT treatment. The
two-particle density matrix [10] is a natural extension of
the electron density to treat two-body correlations. The
electron repulsion energy Ee−e of an electron pair can
be written explicitly as a functional of its two-particle
density matrix, ρ(x1,x2), using [10, 12]
Ee−e =
∫
dx1dx2 V12(r1, r2) ρ(x1,x2), (5)
where V12=
e2
|r1−r2| is the two-body Coulomb interaction.
We focus again on the two doubly-occupied orbitals
ϕi and ϕj . Since we neglect self-interaction, the only
relevant exchange processes are those between electrons
occupying the two different orbitals. We thus model a
pair made up by an electron in orbital ϕi with spin σ
and an electron in orbital ϕj with spin σ
′, and investi-
gate its two-particle density matrix and contribution to
exchange. We imagine measuring the spin of the two
electrons composing the pair. Since the electron gas is
unpolarized, we expect to measure one of these four out-
comes with equal probability: spin up for both electrons,
spin down for both electrons, spin up for the electron in
orbital ϕi and spin down for the electron in orbital ϕj , or
viceversa. Given that electrons are indistinguishable, we
express each of these four scenarios, respectively, with a
two-particle Slater determinant formed with spin-orbitals
ϕiσ and ϕjσ′ :
|Ψ1〉 ≡ |↑↑〉 = 1√
2
det[ϕi↑, ϕj↑]
|Ψ2〉 ≡ |↓↓〉 = 1√
2
det[ϕi↓, ϕj↓]
|Ψ3〉 ≡ |↑↓〉 = 1√
2
det[ϕi↑, ϕj↓]
|Ψ4〉 ≡ |↓↑〉 = 1√
2
det[ϕi↓, ϕj↑].
(6)
The explicit expressions for these states are, for example,
Ψ1(x1,x2) =
ϕi(r1)ϕj(r2)− ϕj(r1)ϕi(r2)√
2
× |00〉
Ψ2(x1,x2) =
ϕi(r1)ϕj(r2)− ϕj(r1)ϕi(r2)√
2
× |11〉 ,
(7)
and similar ones for |Ψ3〉 and |Ψ4〉. Here and below, we
adopt a convention commonly used in quantum infor-
mation [13], in which |0〉 and |1〉 represent spin up and
spin down states, respectively, and |σσ′〉 is a collective
spin state of the two electrons in the pair, formally cor-
responding to the tensor product |σσ′〉 = |σ〉 ⊗ |σ′〉.
FIG. 1. Electronic configurations used in this work to derive
the HF energy and the density matrices ρ(1) and ρ(2). (a)
Ground state, in which the orbitals ϕi and ϕj are doubly
occupied. One quarter of their contribution to the HF energy
equals J/2. (b) Configuration employed to derive ρ(1), in
which the orbitals ϕi and ϕj are both occupied by a single
electron with spin state ( |0〉 + |1〉 )/√2. (c) Configurations
employed to derive ρ(2). Four configurations − one for each
collective value of the spin variables σ and σ′ − are mixed
with equal weight. The orbitals ϕi and ϕj are each occupied
by one electron, with spin σ and σ′, respectively. In (b) and
(c), one electron has been promoted from each of the orbitals
ϕi and ϕj to ϕa and ϕb, in a way that conserves the spin
unpolarized character of the electron gas. Other states that
are not relevant to the exchange processes between ϕi and ϕj
are shown as shaded.
Using the states in Eq. 6 as a basis set, we formulate
two models of the electron pair, both consistent with the
spin measurements discussed above. The first approach,
called here model 1 , describes the pair with a wave func-
tion |Ψp〉 consisting of an equal quantum superposition
of the four states:
|Ψp〉 = 1√
4
(|↑↑〉+ |↓↓〉+ |↑↓〉+ |↓↑〉) (8)
The corresponding two-particle density matrix, ρ(1), is a
so-called pure state [13],
ρ(1) = |Ψp〉〈Ψp| = 1
4
4∑
µ,ν=1
|Ψµ〉〈Ψν | . (9)
This description of the electron pair is the simplest
ansatz that includes quantum superposition and two-
body correlations. We contrast this description of the
pair with one based on probability alone, called model 2,
which does not use quantum superposition and is “clas-
sical” and similar in spirit to DFT. In model 2, the pair
is described as a statistical ensemble composed in equal
parts by the four pair basis states in Eq. 6. This model
corresponds to a mixed state [13], generally described
by the density matrix ρ =
∑
µ Pµ |Ψµ〉〈Ψµ|. For our
4Figure 1
Model 1 – Pure state with quantum superposition Model 2 – Mixed state, no quantum superposition
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FIG. 2. Pic orial view of the two models employed to describe an electron pair in this work. (a) Model 1, a pure state, is
the simplest ansatz that includes quantum superposition a d two-body correlations. (b) Model 2, a mixed state consisting of
a statistical ense ble composed in equal parts by the four spin states of the pair, is a model based on probability, and thus
similar in spirit to DFT. The colors label the pair basis states, |Ψµ〉 in Eq. 6.
model 2, the two-particle density matrix is
ρ(2) =
1
4
4∑
µ=1
|Ψµ〉〈Ψµ| , (10)
so that in our case, Pµ = 1/4 is the probability of
finding the electron pair in state |Ψµ〉. Note that spin
measurements on the electron pair in orbitals ϕi and
ϕj will give, both in model 1 and 2 (but for different
reasons), one of the four basis states in Eq. 6 with equal
probability of 1/4, consistent with our assumption of an
unpolarized electron gas.
An important property of ρ(1) and ρ(2) is that they are
N -representable [12], in the sense that they can both be
derived from two-body reduced density matrices, each
obtained from an N -body density matrix by tracing out
N − 2 electrons [12]. In particular, one can derive ρ(1)
and ρ(2) from doubly-excited configurations described
by Slater determinants in which an electron has been
removed from each of the orbitals ϕi a d ϕj and
placed into unoccupied states [see Fig. 1(b)−(c)]. As
is well known in configuration interaction and coupled
cluster theories [14], such doubly-excited configurations
contribute substantially to the ground state energy and
the Coulomb interactions.
Our definitions given above for ρ(1) and ρ(2) include
only the terms in the reduced density matrices con-
tributing to the exchange interaction between orbitals ϕi
and ϕj . In detail, one can obtain ρ
(1) from the 2-body
reduced density matrix of a pure state |Ψ(1)N 〉〈Ψ(1)N |,
with |Ψ(1)N 〉 = (1/
√
N !) det[ϕ1, ... , ϕi|s〉 , ... , ϕj |s〉 , ... ],
namely a Slater determinant in which each electron
occupying ϕi and ϕj is in the spin superposition
state |s〉=(|0〉+|1〉)/√2 [see Fig. 1(b)] [15]. Simi-
larly, ρ(2) can be obtained as the equal-probability
ensemble of four density matrices, Γσσ′ , each ob-
tained from the 2-body reduced density matrix for a
pure state |Ψ(2)N,σσ′〉〈Ψ(2)N,σσ′ | of a Slater determinant
|Ψ(2)N,σσ′〉 = (1/
√
N !) det[ϕ1, ... , ϕiσ, ... , ϕjσ, ... ] [see
Fig. 1(c)]. Detailed derivations of these results are given
in Appendix A. One may wonder why in formulating ρ(1)
the electrons occupying ϕi and ϕj have been placed in
the spin quantum superposition |s〉. The reason is that
si ce quantum fluctuations generate the doubly-excited
configurations employed to obtain ρ(1), one should not
attribute a given spin to the electrons in orbitals ϕi and
ϕj to fully capture the possible interactions between
configurations.
The two models of the pair, and their associated den-
sity matrices ρ(1) and ρ(2), are represented schematically
in Fig. 2. We will employ these models to investigate
the physical origin of the 1/4 exact exchange and justify
Eq. 4 for the exchange energy contributed by two
orbitals in a hybrid DFT functional. Below, we shall
regard model 1 as a QM treatment of the pair and model
2 as a classical treatment based on probability, and thus
a two-particle analogue of DFT.
B. Physical origin of the 1/4 exact exchange
To compute the exchange energy of the electron pair
in the two models, we focus on the two-body Coulomb
term V12 =
e2
|r1−r2| of the Hamiltonian, keeping only the
exchange integral J (and neglecting the direct Coulomb
integral) resulting from this interaction [11]. Using a
property of the trace, Tr
[
|p〉〈p| Oˆ
]
= 〈p|Oˆ|p〉, with |p〉〈p|
a projector and Oˆ an operator, we obtain the exchange
energy E
(i)
X of the electron pair in model i = 1, 2 by com-
puting the matrix elements of the Coulomb interaction
between the two-particle determinant basis states, |Ψµ〉
in Eq. 6:
E
(1)
X = Tr
[
ρ(1)V12
]
X
=
1
4
∑
µν
〈Ψµ|V12|Ψν〉X =
1
4
∑
µν
Mµν
E
(2)
X = Tr
[
ρ(2)V12
]
X
=
1
4
∑
µ
〈Ψµ|V12|Ψµ〉X =
1
4
∑
µ
Mµµ,
(11)
where the sums run over the four basis states, and we
defined the exchange part of the matrix elements of the
5FIG. 3. Feynman diagram (left) and schematic visualization
(right) of the spin-flip exchange interaction M34 coupling the
states |Ψ3〉 = |↑↓〉 and |Ψ4〉 = |↓↑〉. This interaction can
only occur between doubly-excited configurations in which the
orbitals ϕi and ϕj are each occupied by only one electron.
Coulomb interaction,
Mµν ≡ 〈Ψµ|V12|Ψν〉X , (12)
where the subscript X denotes that only the exchange
integrals are kept. With these definitions, the exchange
energy matrix M reads:
M =
J 0 0 00 J 0 00 0 0 J
0 0 J 0
 (13)
Let us discuss briefly how this result is obtained. The
non-zero diagonal matrix elements are M11 = M22 = J ,
while M33 = M44 = 0 since for these matrix elements
the exchange integral vanishes. We take the orbitals ϕi
and ϕj to be real, so that M is symmetric, and obtain
the off-diagonal part of M using the properties of the
matrix elements of the two-body operator V12 between
Slater determinants that differ by one or two spin-orbitals
(see Ref. 11). For example,M12=〈↑↑ |V12| ↓↓〉X is a ma-
trix element taken between determinants differing by two
spin-orbitals; it vanishes since no term survives the inte-
gration over spin. All of the M13, M14, M23, M24 also
vanish since they are matrix elements between two de-
terminants differing by one spin-orbital, which can be
obtained from one another by flipping one spin.
The only nonzero off-diagonal matrix element is
M34 = 〈↑↓ |V12| ↓↑〉X = J (and M43 = M34), which cor-
responds to a spin-flip exchange interaction (see Fig. 3)
between pair states with antiparallel spins in the orbitals
ϕi and ϕj . This interaction contributes to the exchange
energy of the pair only in model 1 (see Eq. 11), and is
associated with an exchange process between two doubly-
excited configurations in which an electron in spin-orbital
ϕi↑ scatters into ϕj↓, and viceversa, due to the Coulomb
interaction (see Fig. 3). The strength of this interaction
is J , the exact exchange integral used in HF, even though
in HF such interactions coupling different configurations
do not contribute to exchange. As such, it should be
regarded as a form of correlation − in the guise of an
exchange process − arising from the coupling between
doubly-excited electronic configurations that contribute
to the ground state energy. Note that these spin-flip ex-
change interactions are not included in the HF calcula-
tion of the HEG employed to define the exchange energy
in the LDA. They are also not explicitly included in the
LDA correlation energy of the HEG [9]. We argue below
that such spin-flip exchange interactions are the origin of
the 1/4 exact exchange missing in semilocal DFT.
The exchange energy of the pair in the two models can
be obtained using Eq. 11 with the matrix M given above:
E
(1)
X =
1
4
∑
µν
Mµν = J
E
(2)
X =
1
4
∑
µ
Mµµ =
J
2
.
(14)
Note that the QM treatment of model 1 accounts for all
of the four processes contributing to exchange, including
the parallel-spin exchange processes M11 and M22, and
the two spin-flip exchange process M34 and M43. By
contrast, the ensemble description of the pair in model 2
misses the two spin-flip exchange process M34 and M43.
Since model 1 is a proper QM treatment of the pair in
the interacting electron gas, we rename E
(1)
X to just EX,
the exchange energy of the electron pair, and write:
EX = E
(2)
X +
J
2
. (15)
As we noted above, the last term in Eq. 15 equals one
quarter of the HF exchange energy contribution from the
interaction between the two orbitals ϕi and ϕj , so we can
write:
EX = E
(2)
X +
1
4
EHFX . (16)
While E
(2)
X equals J/2 in the pairwise exact exchange
picture, our goal is to express it in the density-based pic-
ture. This is natural since the ensemble treatment of
model 2 is a probability-based approach similar to that
of DFT. We will prove in the next section that the ex-
change energy E
(2)
X of the pair described as a statistical
ensemble in model 2 corresponds to 3/4 of the density-
based exchange energy, namely, that E
(2)
X =
3
4E
DFT
X [n].
This equality will give us the result we want to prove,
namely, that the exchange energy for a pair of occupied
orbitals is
EX =
3
4
EDFTX [n] +
1
4
EHFX . (17)
Comparing this result with Eq. 4 tells us that a hybrid
functional with 1/4 mixing contains, for each pair of
orbitals, the correct exchange interactions, which ac-
count for both the same-spin exchange and the spin-flip
exchange from interacting doubly-excited configurations.
6C. Origin of the 3/4 density-based exchange
Expressing in terms of the density the exchange en-
ergy E
(2)
X of an electron pair in model 2 requires shifting
from a pairwise to a density-based view of exchange in-
teractions. Model 2 is a statistical ensemble of the four
possible spin states of the pair; within each state, the
exchange interaction is described by the matrix element
Mµµ, where µ = 1, ... , 4 labels the spin state of the elec-
tron pair in Eq. 6. As we noted earlier, all particles in
the electron density contribute the same to exchange in
semilocal DFT, regardless of their spin state. This means
that one can identify the fraction of electrons contribut-
ing to exchange, and then assign to all such electrons the
same contribution, which is a functional of the total elec-
tron density.
It is somewhat intuitive that, if the electron gas is
described as an ensemble of pairs using a probability-
based treatment, only the pairs in the electron gas in
a triplet state should contribute to exchange. This
is because, in essence, exchange interactions lower the
Coulomb repulsive energy by keeping a pair of electrons
apart due to their spatially antisymmetric wave function,
which requires a symmetric (triplet) spin state. In our
model 2 of the electron pair, both |Ψ1〉 = Aij |00〉 and
|Ψ2〉 = Aij |11〉 are spatially antisymmetric (see Eq. 7)
triplet states. However, the spatial parts of |Ψ3〉 = |↑↓〉
and |Ψ4〉 = |↓↑〉 lack a well-defined symmetry. The prob-
lem is clearer when shown in a pictorial view of the sta-
tistical ensemble ρ(2) = 14
∑
µ |Ψµ〉〈Ψµ| [see Fig. 4 (a)],
where the portions of the system in states |Ψ1〉 and |Ψ2〉
clearly contribute to exchange with their corresponding
matrix elements M11 = M22 = J , but it is unclear how
the other half of the system, in states |Ψ3〉 and |Ψ4〉, con-
tributes, since the spin-flip exchange process hides in the
interaction M34 between these two states.
This subtle issue can be resolved by diagonalizing M
in the subspace of states |Ψ3〉 and |Ψ4〉, which provides a
singlet and a triplet state with well-defined spatial wave
function symmetry. Such triplet state |ΨT〉 and singlet
state |ΨS〉 can be written in terms of |Ψ3〉 and |Ψ4〉 as
|ΨT〉 = 1√
2
( |Ψ3〉+ |Ψ4〉) = Aij(r1, r2)×
( |01〉+ |10〉√
2
)
|ΨS〉 = 1√
2
( |Ψ3〉 − |Ψ4〉) = Sij(r1, r2)×
( |01〉 − |10〉√
2
)
(18)
where Aij(r1, r2) = [ϕi(r1)ϕj(r2) − ϕj(r1)ϕi(r2)]/
√
2 is
the antisymmetric spatial wave function defined above,
and Sij(r1, r2) = [ϕi(r1)ϕj(r2) + ϕj(r1)ϕi(r2)]/
√
2 is a
symmetric spatial wave function. It is clear that only
|ΨT〉 contributes to exchange due to its antisymmetric
spatial wave function, but |ΨS〉 does not.
The electron pair ensemble ρ(2) can be rewritten as
formed for 3/4 by triplet (|Ψ1〉, |Ψ2〉 and |ΨT〉) and 1/4
by singlet (|ΨS〉) spin states:
ρ(2) =
1
4
4∑
µ=1
|Ψµ〉〈Ψµ|
=
1
4
( |Ψ1〉〈Ψ1|+ |Ψ2〉〈Ψ2|+ |ΨT〉〈ΨT|+ |ΨS〉〈ΨS| )
(19)
This different way of expressing ρ(2), in terms of pair
states with a well-defined total spin, is shown schemati-
cally in Fig. 4 (b). The part of the ensemble contribut-
ing to exchange, which is called below ρ
(2)
E , contains the
terms in ρ(2) proportional to |Aij(r1, r2)|2:
ρ
(2)
E =
1
4
( |Ψ1〉〈Ψ1|+ |Ψ2〉〈Ψ2|+ |ΨT〉〈ΨT| ) . (20)
We can thus show that the fraction of electrons αE con-
tributing to the density-based exchange equals 3/4:
αE =
∫
dx1nE(x1)∫
dx1 n(x1)
=
∫
dx1dx2 ρ
(2)
E (x1,x2)∫
dx1dx2 ρ(2)(x1,x2)
=
3
4
. (21)
Above, the electron density of the pair, n(x), is obtained
from the two-body density matrix as [10, 12]
n(x) = 2
∫
dx2 ρ
(2)(x,x2)
=
1
2
[ |ϕi|2(r) + |ϕj |2(r) ] ( |0〉〈0|+ |1〉〈1| ), (22)
which correctly integrates to 2 electrons, while the elec-
tron density contributing to exchange is
nE(x) = 2
∫
dx2 ρ
(2)
E (x,x2)
=
1
2
[ |ϕi|2(r) + |ϕj |2(r) ]× 3
4
( |0〉〈0|+ |1〉〈1| ),
(23)
which integrates to 2 × 34 electrons. We conclude that,
since only the triplet states possess a spatial antisym-
metric wave function that keeps electrons apart, only a
fraction of αE = 3/4 of each electron pair constituting
the system contributes to density-based exchange. The
exchange energy of the ensemble, E
(2)
X , should thus be
set equal to 3/4 EDFTX [n], concluding the proof of Eq. 17
and justifying Eq. 4 for the hybrid DFT exchange en-
ergy contributed by a pair of electron orbitals. Note that
EDFTX depends non-linearly on the density, and it needs
to be computed with the total electron density n, which
includes also the density of electrons in singlet states.
There is an important subtlety in comparing Eq. 4 and
Eq. 17. In the former, EhybridX is computed using the
electron density for doubly-occupied orbitals ϕi and ϕj ,
which is due to four electrons, while in Eq. 17 the elec-
tron density integrates to two electrons. This subtlety
can be resolved by observing that for the spin-flip ex-
change interaction to occur, only two electrons (one per
7FIG. 4. Two schematic views of the electron gas in model 2 are given in (a) and (b). In both panels, only the portions in red
contribute to exchange. (a) The pairwise view, in which ρ(2) is an ensemble of states with well-defined single particle spin, but
one is unsure of how to account for the spin-flip exchange interaction M34. (b) Our view of density-based exchange, in which
ρ(2) is a mixture of 3 triplet and 1 singlet states. Each triplet spin state contributes 1/4EDFTX to exchange, so that a total of
3/4 of the density-based exchange interaction needs to be included. (c) Schematic representation of exchange in hybrid DFT
with 1/4 mixing. The portions of the system in red contribute to density-based exchange; the quarter in blue is the exact
exchange contribution, which accounts, as we argue, for spin-flip exchange processes, thus completing the exchange hole.
orbital) can occupy the orbitals ϕi and ϕj , since the ini-
tial and final states possess opposite spins in each orbital
[see Fig. 3]. Therefore, to extend Eq. 17 to four electrons,
one needs to use the density n(r) = 2 ( |ϕi(r)|2+|ϕj(r)|2 )
for four electrons in the 3/4EDFTX [n] term, as in Eq. 4,
while keeping the spin-flip interaction as the one due to
two electrons, which equals 1/4EHFX , since this term de-
rives from doubly-excited configurations. After this step,
our result in Eq. 17 matches exactly the hybrid DFT re-
sult in Eq. 4 we aimed to explain. This reasoning also
provides the basis for extending the result to the entire
electron gas. To extend Eq. 17 to all the electrons, one
should use the density due to all occupied orbitals, and
sum over all orbital pairs the pairwise part accounting
for the spin-flip (exact) exchange, thus obtaining the to-
tal exchange energy for all the electrons in a hybrid func-
tional with 1/4 mixing, EX = 3/4E
DFT
X [n] + 1/4E
HF
X .
Our results can thus rationalize, both for each pair of
occupied orbitals and (somewhat less rigorously) for the
entire electron gas, the 1/4 exact exchange employed in
hybrid DFT.
Finally, we have argued that in the density-based pic-
ture only 3/4 of the electrons contributes to exchange.
This result is at odds with the approach currently taken
in the LDA, where all the electrons − rather than only
3/4 of them − contribute to exchange. Our result was de-
rived by treating the spin states of an electron pair as an
ensemble. On the other hand, there is no rigorous justifi-
cation for the approach taken in the LDA, where through
a HF calculation of the HEG, in which only half of the
pairs contribute to exchange, one derives a per-particle
exchange energy that is then applied to all particles, re-
gardless of their spin. The important step of going from
a pairwise to a density-based view of exchange is tacitly
neglected in the LDA due to the assumed locality.
IV. DISCUSSION
A. Why does the LDA overbind?
A corollary of our results is that a maximum fraction
of 3/4 of density-based exchange should be used. Using
a larger fraction is incorrect because, by doing so, one
fails to take into account the spin-dependent nature of
exchange. Is it possible that including a unit fraction of
density-based exchange is responsible for LDA’s tendency
to overbind matter and overestimate cohesive and atom-
ization energies? As noted above, the LDA overbinds
even though its nature is essentially variational since its
exchange and correlation parts derive, respectively, from
a HF and a QMC calculation of the HEG. Since EXC
is dominated by exchange, it is intuitive that exchange
should be responsible for the overbinding of the LDA.
If one were to include only 3/4 of the density-based ex-
change (without adding a corresponding fraction of 1/4
exact exchange) the LDA may well underbind and re-
cover its variational character, but the system would not
be described accurately due to the absence of a com-
plete exchange hole [16]. To complete the exchange hole,
in hybrid DFT one adds a 1/4 fraction of exact ex-
change, which mimics, as we argue, correlation processes
that are not included in the density-based exchange and
that originate from spin-flip exchange interactions be-
tween doubly-excited configurations. Besides revisiting
our intuition about density-based exchange, improving
the treatment of density-based correlation may also be
needed to properly account for spin. One could, for ex-
ample, combine the HEG correlation energies of the un-
polarized and polarized electron gas [9] in a way that
more accurately accounts for spin-dependent exchange
and correlation processes in the unpolarized electron gas.
8B. Systems with less than four electrons
We discuss numerical results that corroborate the in-
terpretation given here on the origin of the 1/4 exact
exchange. We focus on trends obtained with hybrid func-
tionals in systems with less than four electrons. In par-
ticular, Perdew et al. [8] compiled a table of atomization
energies of several molecules, and showed that a simple
hybrid with 1/4 exact exchange dramatically improves
the accuracy of the computed atomization energy com-
pared to LDA calculations, in which atomization ener-
gies are significantly overestimated. Three molecules in
the data set, H2, Li2, and LiH, are an exception to this
trend [8]; their atomization energies computed with the
hybrid functional exhibit nearly the same or a larger dis-
crepancy with experiment than in the LDA. In Table I,
we give for convenience the atomization energies of H2,
Li2, and LiH from Ref. 8; they can be reproduced, with
similar results, with any modern DFT package, as we
have verified. Why do these systems constitute an ex-
ception to the superior accuracy for atomization energies
of a hybrid functional with 1/4 exact exchange? Let us
provide a plausible explanation.
TABLE I. Atomization energies (in eV units) taken from
Ref. [8] for molecules in which a hybrid with 1/4 exact
exchange does not improve the accuracy of the LDA result.
Material LDA 1/4 Hybrid Experiment
H2 113 105 109
LiH 60 52 58
Li2 23 19 24
Our treatment of the physical origin of the 1/4 exact
exchange is valid only when four or more electrons are
present, since otherwise 1/4EHFX does not equal the
contributions from the spin-flip exchange processes from
doubly-excited configurations. Therefore, when less
than four electrons (in two doubly-occupied orbitals)
are present, the exact exchange added by hand cannot
successfully mimic these exchange interactions. One
could argue that the trends in the data of Ref. 8 for
H2, Li2, and LiH may be a mere coincidence. Yet, it
should be noted that these are the only three molecules
in the data set with less than four valence electrons,
and also the only molecules for which the hybrid result
does not improve over the LDA. This observation
does not constitute a complete characterization of the
performance of hybrid functionals for systems with less
than four valence electrons, and the topic admittedly
deserves further investigation. It is nevertheless a useful
indication that the interpretation put forward in this
work on the physical origin of the 1/4 exact exchange is
backed in some measure by hybrid DFT calculations.
V. CONCLUSIONS
Let us summarize and further discuss our main results.
We have shown that the 1/4 exact exchange employed
in hybrid DFT can be attributed to spin-flip exchange
interactions between pair states with antiparallel spin.
These interactions are not included in HF and semilocal
DFT and can be seen as correlation processes in the
guise of exchange. Such exchange processes arise from
the interaction between doubly-excited configurations
that contribute to the ground state energy. They need
to be added by hand to the density-based exchange
picture, using exact exchange because they are orbital-
dependent. Including a 1/4 fraction of exact exchange
can thus be seen as a rudimentary attempt to include
explicitly pair correlation and multireference effects in
the density functional picture. This interpretation may
also explain why hybrid functionals can successfully
describe the ground state of several strongly correlated
materials [17], despite the challenges with the latter are
due mainly to correlation rather than exchange.
We have also shown that, within a probability-based
treatment in which the spin states of an electron pair are
modeled as a statistical ensemble, the correct fraction of
density-based exchange is 3/4, since only 3 out of 4 pairs
in the electron gas are in a triplet state and therefore
kept apart by the exchange interaction. Adding the 3/4
density-based and 1/4 exact exchange completes the
exchange hole, thus satisfying the sum rule that one
electron is missing around each electron due to exchange.
The picture that emerges from our model is rather
different from the conventional view of hybrid DFT. We
argue that a fraction of 3/4 is the correct amount of
density-based exchange, and that using a larger fraction
is incorrect because, by doing so, one fails to take into
account the spin-dependent nature of exchange. This
result may explain the well-known (yet unexplained)
tendency of the LDA to overbind matter in spite of its
variational nature. Within our model, the factor of 4
in the 1/4 exact exchange fraction reflects the number
of possible spin states of an electron pair, rather than
an order of perturbation theory as has been previously
proposed. We also observed that hybrid functionals
may only be effective for systems with more than four
electrons (or, more precisely, with at least two doubly-
occupied orbitals). The results obtained here have
assumed an unpolarized electron gas, a density-based
exchange that depends only on the density and not on
its gradient, and a global hybrid functional. It should be
possible, though nontrivial, to extend our treatment to
a spin-polarized electron gas, and to gradient-corrected
exchange and range-separated hybrid functionals.
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9Appendix A: N-Representability of the Density
Matrices ρ(1) and ρ(2)
Following Lowdin [10], we define the 2-body reduced
density matrix (2-RMD) Γ˜(x1,x2) for N electrons as
Γ˜(x1,x2) =
(
N
2
)∫
dx3... dxN |ΨN (x1,x2,x3, ... ,xN )|2
(A1)
where ΨN (x1,x2,x3, ... ,xN ) is an antisymmetric wave
function for N electrons, and x = {r, σ} denotes both
the spatial coordinate r and the spin σ.
We specialize to the case in which the wave func-
tion ΨN is a single Slater determinant, ΨN =
(1/
√
N !) det[{ϕk}], with {ϕk} a set of orthonormal spin-
orbitals labeled by the index k = 1, ... , N . In this case,
the 2-RMD takes the simple form [16]
Γ˜(x1,x2) =
1
2
∣∣∣∣γ(x1,x1) γ(x1,x2)γ(x2,x1) γ(x2,x2)
∣∣∣∣ (A2)
where γ(x,x′) =
∑N
k=1 ϕ
∗
k(x)ϕk(x
′) is the 1-body density
matrix. For a Slater determinant wave function, we can
thus write the 2-RDM in Eq. A2 as
Γ˜(x1,x2) =
1
2
{[
N∑
k=1
|ϕk(x1)|2
][
N∑
k′=1
|ϕk′(x2)|2
]
−
[
N∑
k=1
ϕ∗k(x1)ϕk(x2)
][
N∑
k′=1
ϕ∗k′(x2)ϕk′(x1)
]}
.
(A3)
In our work, we focus on the contribution to exchange
from an electron pair occupying two given spin-orbitals,
ϕiσ and ϕjσ′ . We thus keep in the 2-RDM only the terms
that involve these orbitals, and obtain the density matrix:
Γ(x1,x2)=
1
2
{[|ϕiσ(x1)|2|ϕjσ′(x2)|2 + |ϕjσ′(x1)|2|ϕiσ(x2)|2]
− [ϕ∗jσ′(x1)ϕiσ(x1)ϕjσ′(x2)ϕ∗iσ(x2) + h.c.]} ,
(A4)
where h.c. denotes the Hermitian conjugate of the previ-
ous term in brackets, and we removed the tilde to indi-
cate we are no longer working with the full 2-RDM for N
electrons, but rather, with its two-electron part of rele-
vance here. We write explicitly the spatial and spin parts,
for each spin-orbital ϕiσ(x) and its Hermitian conjugate
ϕ∗iσ(x), as
ϕiσ(x) = ϕi(r) |σ〉
ϕ∗iσ(x) = ϕ
∗
i (r)〈σ| .
(A5)
After substituting in Eq. A4, we obtain
Γσσ′(x1,x2) =
1
2
∣∣ϕi(r1)ϕj(r2)|σσ′〉 − ϕj(r1)ϕi(r2)|σ′σ〉 ∣∣2
=
1
2
{[ |ϕi(r1)|2|ϕj(r2)|2 |σσ′〉〈σσ′|
+ |ϕj(r1)|2|ϕi(r2)|2 |σ′σ〉〈σ′σ|
]
− [ϕ∗j (r1)ϕi(r1)ϕj(r2)ϕ∗i (r2) |σσ′〉〈σ′σ|+ h.c.]} .
(A6)
For given electron spins σ and σ′, the density matri-
ces Γσσ′ correspond to the configurations in Fig. 1(c),
of which we keep only the part contributing to exchange
between the orbital ϕi and ϕj . For same-spin electrons,
Γσσ′ takes a particularly simple form:
Γ↑↑(x1,x2) = |Aij(r1, r2)|2 |00〉〈00|
Γ↓↓(x1,x2) = |Aij(r1, r2)|2 |11〉〈11| ,
(A7)
where Aij(r1, r2) = [ϕi(r1)ϕj(r2) − ϕj(r1)ϕi(r2)]/
√
2 is
the antisymmetric spatial wave function defined above.
We also see that Γ↑↑ + Γ↓↓ = |Ψ1〉〈Ψ1| + |Ψ2〉〈Ψ2|. The
opposite-spin 2-RDMs can be combined to give:
(Γ↑↓ + Γ↓↑)(x1,x2) =
1
2
[ ∣∣ϕi(r1)ϕj(r2)|01〉 − ϕj(r1)ϕi(r2)|10〉 ∣∣2
+
∣∣ϕi(r1)ϕj(r2) |10〉 − ϕj(r1)ϕi(r2) |01〉 ∣∣2 ] ,
(A8)
so that Γ↑↓ + Γ↓↑ = |Ψ3〉〈Ψ3| + |Ψ4〉〈Ψ4|. Using these
relations, the ensemble density matrix ρ(2) for model 2
defined in the main text can be rewritten as
ρ(2)(x1,x2) =
1
4
[Γ↑↑ + Γ↓↓ + Γ↑↓ + Γ↓↑] . (A9)
We have thus shown that ρ(2) is N -representable, since it
can be expressed as an equal-weight ensemble of 2-RDMs
for the four spin configurations in Fig. 1(c).
The density matrix ρ(1) for the pure state employed
in model 1 can be obtained using a similar approach.
In particular, we use the configuration in Fig. 1(b), in
which the electrons in orbitals ϕi and ϕj are placed in
the superposition spin state |s〉 = (|0〉 + |1〉)/√2. Using
the result in Eq. A6, and putting |σ〉 = |σ′〉 = |s〉, we
obtain the 2-RDM
Γss(x1,x2) = |Aij(r1, r2)|2 |ss〉〈ss|
= |Aij(r1, r2)|2 × 1
4
{0,1}∑
σσ′σ′′σ′′′
|σσ′〉〈σ′′σ′′′| .
(A10)
Using Eq. 9, ρ(1) = 14
∑4
µ,ν=1 |Ψµ〉〈Ψν |, together with
the definitions of the states |Ψµ〉 in Eq. 6, one can show
easily that ρ(1) = Γss. We conclude that ρ
(1) derives
from the 2-RDM for the configuration in Fig. 1(b).
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